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We report our combined experimental and theoretical study of magnetoelectric properties of an
antiferromagnet Sr(TiO)Cu4(PO4)4, in comparison with the isostructurals Ba(TiO)Cu4(PO4)4 and
Pb(TiO)Cu4(PO4)4. The family of compounds commonly possesses a low-symmetric magnetic unit
called the square cupola, which is a source of magnetoelectric responses associated with the magnetic
multipoles activated under simultaneous breaking of spatial inversion and time reversal symmetries.
Measuring the full magnetization curves and the magnetic-field profiles of dielectric constant for
Sr(TiO)Cu4(PO4)4 and comparing them with the theoretical analyses by the cluster mean-field
theory, we find that the effective S = 1/2 spin model, which was used for the previous studies
for Ba(TiO)Cu4(PO4)4 and Pb(TiO)Cu4(PO4)4, well explains the experimental results by tuning
the model parameters. Furthermore, elaborating the phase diagram of the model, we find that the
square cupolas could host a variety of magnetic multipoles, i.e., monopole, toroidal moment, and
quadrupole tensor, depending on the parameters that could be modulated by deformations of the
magnetic square cupolas. Our results not only provide a microscopic understanding of the series of
the square cupola compounds, but also stimulate further exploration of the magnetoelectric behavior
arising from cluster multipoles harboring in low-symmetric magnetic units.
I. INTRODUCTION
The magnetoelectric (ME) effect is a cross correlation
between magnetic and electric properties of matters, and
enables us to control the electric (magnetic) polarization
by the magnetic (electric) field. The ME effect in a solid
was firstly conjectured for Cr2O3 by Dzyaloshinskii in
1959 [1], and indeed observed by Astrov in 1960 [2]. It
has attracted renewed interest since the discovery of a
huge ME effect in TbMnO3 in 2003 [3]. Materials host-
ing such a huge ME response have been extensively stud-
ied as they are potentially useful for future power-saving
devices functioning without electric currents [4].
The necessary condition for linear ME effects (ME re-
sponses proportional to the applied magnetic and electric
fields) is the absence of both spatial inversion and time re-
versal symmetries. This condition is satisfied in magnet-
ically ordered states on noncentrosymmetric structures.
Among them particularly interesting are the systems in-
volving noncentrosymmetric clusters made of magnetic
ions, such as magnetic trimers. In such systems, the lin-
ear ME effect is explained by magnetic multipoles defined
on each cluster [5–8]. In the cluster multipole description,
a spin texture on a cluster is decomposed into the mag-
netic monopole, toroidal moment, and quadrupole ten-
sor, all of which are odd under the operations of spatial
inversion and time reversal. Each multipole is associated
with a particular ME tensor, and hence, the decompo-
sition provides systematic understanding of the ME re-
sponses in these cluster systems.
Recently, single crystals of a series of ME active in-
sulating antiferromagnets, A(TiO)Cu4(PO4)4 (ATCPO,
A = Ba, Sr, and Pb), have been synthesized [9, 10].
These compounds are composed of magnetic clusters
Cu4O12 resembling the square cupola that is the fourth
Johnson solid [11]. Each square cupola accommodates
four S = 1/2 spin degrees of freedom from Cu2+ cations.
The family of compounds has a quasi-two-dimensional
lattice structure composed of a periodic array of the
square cupolas. More precisely, as schematically shown
in Fig. 1, upward (α) and downward (β) square cupolas
are alternately arranged in each layer. In the absence
of an external magnetic field, these compounds exhibit
a finite-temperature (T ) phase transition to an antifer-
romagnetically ordered phase where each square cupola
hosts a qx2−y2 quadrupole type spin texture [12] (the
Ne´el temperature is TN ' 9.5 K, 7.0 K, and 6.3 K for
A = Ba, Pb, and Sr, respectively). This leads to ME re-
sponses, such as a dielectric anomaly at TN in BaTCPO
and SrTCPO [10, 13] and a magnetic-field-induced net
electric polarization in PbTCPO [10]. The difference
originates from the way of layer stacking: the magnetic
layers are stacked in a staggered manner in the Ba and Sr
cases (layered antiferroic order of the qx2−y2 quadrupole),
while in a uniform manner in the Pb case (ferroic or-
der of the qx2−y2 quadrupole). These ME behaviors
are understood in terms of the cluster multipoles of the
quadrupole type. The theoretical analyses based on a mi-
croscopic model were also reported for BaTCPO [14] and
PbTCPO [15]. For both compounds, the cluster mean-
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FIG. 1. Schematic pictures of the lattice structure of
A(TiO)Cu4(PO4)4 (ATCPO, A =Ba, Sr, and Pb), which in-
cludes pairs of upward (α) and downward (β) square cupolas
composed of Cu4O12. (a) Three-dimensional view including
16 Cu sites considered in the CMF analysis (numbered from 0
to 15). The spheres and black dots represent Cu cations and
O ions, respectively. The solid blue and green lines represent
the intracupola couplings J1 and J2, respectively, while the
dashed red and dotted gray lines are the intercupola couplings
J ′ and J ′′, respectively. The yellow arrows on the J1 bonds
represent the DM vectors Dij ; each Dij is perpendicular to
the bond connecting the Cu sites i and j with the angle θ
from the [001] axis. (b) Top view showing the Cu sites and
the intralayer magnetic interactions.
field (CMF) theory for an effective quantum spin model
successfully explains the ME behaviors as well as the full
magnetization curves [14, 15]. More recently, the mag-
netic property of SrTCPO has been investigated using
polycrystalline samples [16]. However, the detailed anal-
ysis for a single crystal as well as the microscopic theory
for SrTCPO has been lacked thus far.
In this paper, we investigate the ME behavior of
SrTCPO by a combined experimental and theoretical
analysis. First, by experimentally measuring the magne-
tization curves up to full saturation for a single crystal,
we identify several anomalies depending on the field di-
rection. Then, we compare the experimental data with
the theoretical results obtained by the CMF theory for
the effective spin model, following the previous studies
for BaTCPO and PbTCPO. We find that the theory
successfully reproduces the experiment for SrTCPO as
well, by tuning the model parameters. Next, by using
the same parameter set, we evaluate the dielectric con-
stant as well as antiferromagnetic order parameters and
electric polarizations, by which we elucidate the mag-
netic phase diagram at finite T . We show that the the-
oretical results again well agree with the experimental
data of the dielectric constant measured up to 18 T.
Thus, we conclude that our effective spin model cap-
tures the essential physics in the series of compounds for
A=Ba, Pb, and Sr. In addition, we extend the theoretical
analysis by interpolating the model parameters between
the Sr and Ba cases and by changing the angle of the
Dzyaloshinskii-Moriya (DM) vectors for the Sr parame-
ter set. Although the former analysis simply connects
the magnetic phases between the two compounds with-
out any additional phases, the latter brings us a variety
of magnetic phases, which accommodate different types
of cluster multipoles: monopole, toroidal moment, and
quadrupole. We show theoretical predictions of the ME
responses in these phases, based on the cluster multipole
decomposition. The results would stimulate further ex-
ploration of the ME effects in the family of square cupola
compounds.
The structure of this paper is as follows. In Sec. II,
we describe the experimental and theoretical methods.
The results are presented in Sec. III. In Sec. III A, we
show the experimental data of the magnetization curves,
and determine the parameter set for the effective model
from the comparison with the theoretical results. We
demonstrate that the effective model well reproduces the
experimental data for the ME behaviors in Sec. III B and
the finite-T phase diagram in Sec. III C. Further theoret-
ical analyses for antiferromagnetic order parameters and
electric polarizations are shown in Sec. III D. In Sec. III E,
extending the theory to a wider parameter space, we find
several additional phases. In Sec. III F, we show that the
distinct ME responses in these phases are explained by
considering cluster multipoles. Finally, Sec. IV is devoted
to summary and concluding remarks. In Appendices, we
show the additional theoretical results of the typical spin
configurations for several phases not reported in the pre-
vious study [14] and the phase diagram for BaTCPO with
the magnetic field B ‖ [110] for a complete comparison
with SrTCPO.
II. METHODS
In this section, we describe the experimental meth-
ods for the measurements of magnetization and dielec-
tric constant. We also introduce the theoretical model
and method for analyzing the microscopic property of
the antiferromagnetic square cupola systems, ATCPO.
3A. Experimental method
Single crystals of SrTCPO were grown by the flux
method as described previously [9]. Powder X-ray
diffraction (XRD) measurements on crushed single crys-
tals confirmed a single phase. The crystal orientation was
determined by the Laue X-ray method. A superconduct-
ing magnet system up to 18 T and down to 1.6 K at the
Tohoku University was used for measurements of dielec-
tric properties. For dielectric measurements, single crys-
tals were cut into thin plates and subsequently electrodes
were formed by painting silver pastes on a pair of the
widest surfaces. The dielectric constant ε was measured
using an LCR meter (Agilent E4980) at an excitation fre-
quency of 100 kHz. Pyroelectric current was measured by
an electrometer (Keithley 6517) to monitor electric polar-
ization. High-field magnetization in magnetic fields up to
45 T was measured at 1.4 K using an induction method
with a multilayer pulsed magnet installed at the Inter-
national MegaGauss Science Laboratory of Institute for
Solid State Physics at The University of Tokyo. Multi-
frequency electron spin resonance (ESR) measurements
(600–1400 GHz) in pulsed magnetic fields were performed
at the Center for Advanced High Magnetic Field Science
in Osaka University to obtain the g-values for the field
directions along [100], [110] and [001]. The g-values were
found to be isotropic within the experimental accuracy:
g = 2.30(5) for all the three field directions.
B. Model and theoretical method
We consider an effective model for the S = 1/2
spin degrees of freedom of Cu2+ cations, which was
first introduced for BaTCPO [14] and later applied to
PbTCPO [15]. The model includes four dominant anti-
ferromagnetic exchange interactions, J1, J2, J
′, and J ′′,
where J1 and J2 are intracupola exchange interactions,
and J ′ and J ′′ are intralayer and interlayer interactions
between the cupolas, respectively (Fig. 1). In addition,
we take into account the Dzyaloshinskii-Moriya (DM) in-
teraction originating from the relativistic spin-orbit cou-
pling on the J1 bonds as well as the Zeeman coupling to
an external magnetic field. The Hamiltonian reads
H =
∑
〈i,j〉
[J1Si · Sj −Dij · Si × Sj ] + J2
∑
〈〈i,j〉〉
Si · Sj
+J ′
∑
(i,j)
Si · Sj + J ′′
∑
((i,j))
Si · Sj − gµB
∑
i
B · Si, (1)
where Si = (S
x
i , S
y
i , S
z
i ) represents the S = 1/2 spin
at site i, and the sums for 〈i, j〉, 〈〈i, j〉〉, (i, j), and
((i, j)) run over the J1, J2, J
′, and J ′′ bonds, respec-
tively. The last term represents the Zeeman coupling
with the isotropic g-factor g and the Bohr magneton µB.
The DM interaction is characterized by the DM vector
Dij . For simplicity, we assume that the Cu4O12 magnetic
units have the same symmetry with the perfect square
cupola, C4v. Then, referring the Moriya rules [17], we
set Dij in the plain perpendicular to the corresponding
J1 bond with a common angle θij = θ from the [001]
axis, and a common strength D = |Dij | [the yellow ar-
rows in Fig. 1(a)]. Note that some features are omitted in
the present model, such as the chiral twist of the square
cupolas and anisotropic exchange interactions other than
the DM.
In the previous analysis for BaTCPO, the effective
model in Eq. (1) successfully reproduces the entire mag-
netization curves up to above the saturation field and the
dielectric anomaly observed at the Ne´el temperature in
the low magnetic field regime with the parameter set [14]:
J1 = 1, J2 = 1/6, J
′ = 1/2, J ′′ = 1/100,
D = 0.7, and θ = 80◦, (2)
on the basis of an estimate of J1 = 3.03 meV by first-
principles calculations [13]. Furthermore, by switch-
ing the sign of J ′′ from antiferromagnetic to ferromag-
netic with slight changes of other parameters, this model
is capable of reproducing the uniform manner of layer
stacking with the net electric polarization appearing in
PbTCPO when B ‖ [110] [15]. In particular, the unusual
sign change of the polarization observed in the high field
regime is explained by the model analysis. Through the
analyses of BaTCPO [14] and PbTCPO [10, 15], the main
origin of the ME effects is identified as the nonrelativistic
exchange striction mechanism [18].
In the present analysis, we optimize the model parame-
ters to reproduce the experimental magnetization curves
measured for SrTCPO, as discussed in Sec. III A. In the
calculations, following the previous analyses [14, 15], we
employ the CMF method, which is suitable for cluster-
based magnetic insulators. In the CMF method, the
weak intercupola interactions (J ′ and J ′′ terms) are
dealt with by the conventional mean-field approximation,
namely, Si · Sj is decoupled as Si · Sj ' 〈Si〉 · Sj + Si ·
〈Sj〉 − 〈Si〉 · 〈Sj〉, where 〈Si〉 is the expectation value of
the spin operator Si. On the other hand, the intracupola
interactions are dealt with by the exact diagonalization,
and therefore, quantum fluctuations in each cupola are
fully taken into account. In this paper, we consider four
square cupolas allocated as shown in Fig. 1(a) in the
CMF method, namely we consider 16 sublattices.
III. RESULTS
In this section, the results of experiments and theoret-
ical calculations are shown. In Sec. III A, we show the
experimental data of the full magnetization curves for
three different directions of magnetic fields for SrTCPO,
and determine the optimal parameter set of the theoreti-
cal model (1) to reproduce the experimental results. We
demonstrate the validity of the model for the dielectric
constant and the phase diagram in Secs. III B and III C,
respectively. In Sec. III D, we show the detailed analy-
sis of the antiferromagnetic order parameters and electric
4polarizations in each phase. In Sec. III E, we show the
ground-state phase diagrams of the theoretical model in
an extended parameter space: an interpolation between
SrTCPO and BaTCPO, and a change of the DM angle θ
for the Sr parameter set, for the latter of which we find
additional phases. Finally, in Sec. III F, we investigate
the ME responses for all the phases appearing in this pa-
per by the cluster multipole decomposition of the spin
configuration of each phase.
A. Magnetization curves and model setup
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FIG. 2. (a,c) Magnetization curves and (b,d) their field
derivatives: (a,b) experimental data for SrTCPO at T=1.4 K
and (c,d) CMF results for the spin model (1) in the ground
state with the model parameters, J1=0.6, J2=1/6, J
′=1/2,
J ′′=1/100, D=0.7, and θ=90◦.
Figure 2(a) shows the experimental results of full mag-
netization curves at T = 1.4 K < TN for the magnetic
field applied along the [001], [100], and [110] directions.
In the low field region (B = |B| . 5 T), the slope of
the magnetization M is smaller for the out-of-plane field
(B ‖ [001]) than for in-plane fields (B ‖ [100] and [110]),
similarly to BaTCPO [14] or PbTCPO [15]. In the higher
field region, we find a jump-like anomaly in M with a
small hysteresis for all the B directions. The critical
fields, defined as a central value of B for each hysteresis,
are B
[100]
c ' 13.5 T, B[110]c ' 15.0 T, and B[001]c ' 27.4 T
forB ‖ [100], [110], and [001], respectively. These anoma-
lies are more clearly seen in the field derivative dM/dB
in Fig. 2(b). Above B ' 40 T, the magnetization for all
the B directions shows a saturation at ∼1.15 µB/Cu2+.
The saturation-magnetization values are corrected by the
g-values determined by the ESR. We note that dM/dB
shows a hump at B ' 35 T only for B ‖ [110] as shown
in Fig. 2(b).
A significant difference between the magnetization
curves of SrTCPO and those of BaTCPO and PbTCPO
is found in the relative magnitude of B
[001]
c and B
[100]
c ,
namely, B
[001]
c > B
[100]
c for SrTCPO while B
[001]
c < B
[100]
c
for BaTCPO and PbTCPO. Furthermore, the ratio of the
critical field to the saturation field, b
[001]
c ≡ B[001]c /B[001]sat ,
is much larger: b
[001]
c ∼ 0.75 for SrTCPO while b[001]c ∼
0.2 for BaTCPO [14] and b
[001]
c ∼ 0.3 for PbTCPO [15].
We find that these aspects are reproduced simply by tak-
ing a smaller J1 as J1 . 0.6, while keeping the other
parameters as those for BaTCPO in Eq. (2). We note
that the smaller J1 is also reasonable to reproduce the
smaller saturation fields ∼ 40 T compared to ∼ 60 T
in BaTCPO [14]. At the same time, however, we find
that the parameter change leads to an additional phase
transition not observed in experiments in the higher field
regime for B ‖ [110]. This is remedied by a slight increase
of θ. Consequently, we obtain the optimal parameter set
for SrTCPO by adjusting only J1 and θ as
J1 = 0.6 and θ = 90
◦, (3)
from Eq. (2) for BaTCPO.
The main difference of the model parameters be-
tween SrTCPO and BaTCPO is in the magnitude of the
nearest-neighbor exchange interaction J1; J1 for SrTCPO
is taken as 60% of that for BaTCPO. The parameter
change is consistent with the fact that both the satura-
tion field and the Curie Weiss temperature of SrTCPO
are approximately 2/3 of those of BaTCPO in experi-
ments [10]. We note that J1 was estimated to be ∼ 3 meV
commonly for the Sr and Ba cases in the first-principles
calculations [10, 13], but the values cannot explain the
experimental observations within the model analysis.
In Figs. 2(c) and 2(d), we show the theoretical results
for the magnetization curves and their field derivatives
at zero T , respectively. The entire magnetization curves
are well reproduced by the optimal parameter set, in
the following aspects: (i) B
[001]
sat < B
[110]
sat < B
[100]
sat , (ii)
B
[100]
c < B
[110]
c < B
[001]
c , (iii) b
[001]
c ∼ 0.75, (iv) the field
derivative for out-of-plane field (B ‖ [001]) lower than
that for in-plane field (B ‖ [100] or [110]) in the low field
regime, and (v) a hump near the saturation in the field
derivative for B ‖ [110].
B. Dielectric anomaly
Since the maximum field of 18 T available in the
present dielectric measurements cannot access the critical
field for B ‖ [001], we performed the dielectric measure-
ments only in B ‖ [100] and B ‖ [110]. Figures 3(a) and
3(b) show the experimental data of the dielectric constant
at low T measured for SrTCPO in B ‖ E ‖ [100], and
B ‖ [110] and E ‖ [001] up to B = 18 T, respectively (E is
the electric field). The dielectric constant exhibits sharp
anomalies at the magnetic fields where the magnetization
changes discontinuously. Note that the pyroelectric cur-
rent measurement does not detect any signal indicative of
an onset of a macroscopic electric polarization associated
with these dielectric anomalies.
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FIG. 3. Magnetic field dependence of the dielectric constant
at low T obtained in (a,b) experiments for SrTCPO and (c,d)
theoretical calculations for the model (1). The magnetic and
electric fields are taken as (a,c) B ‖ E ‖ [100] and (b,d)
B ‖ [110] and E ‖ [001]. The parameter set for SrTCPO
(see the caption of Fig. 2) and ∆E = 0.0025 [see Eq. (4)] are
used in (c,d).
For comparison, in Figs. 3(c) and 3(d), we show the
corresponding theoretical results computed by the CMF
method with the parameter set for SrTCPO (see the cap-
tion of Fig. 2). Note that the experimental data are lim-
ited to the field range below 18 T, which roughly cor-
responds to gµBB < 1.5 in the theoretical results. In
the CMF method, introducing an electric field term to
the Hamiltonian as H − E · P, the dielectric constant is
evaluated as
ε[abc] =
〈P · n〉E=∆En − 〈P · n〉E=0
∆E
, (4)
with a sufficiently small ∆E where n is the normal-
ized vector directing [abc]. Following the previous stud-
ies [14, 15], we consider the electric polarization induced
by the exchange striction mechanism [18]: the net electric
polarization is defined as
P =
∑
〈i,j〉
nij〈Si · Sj〉, (5)
where nij is the normalized vector from the center of the
ij bond to an O site shared by the CuO4 squares for the
Cu sites i and j [14]. We note that ε[abc] in Eq. (4) repre-
sents not the entire but major contribution to the dielec-
tric constant from the spin texture through the exchange
striction mechanism in an arbitrary unit. The theoretical
curves for gµBB . 1.5 qualitatively well reproduce the
experimental results, not only the sharp anomalies but
also the asymmetric shapes of the peaks. In addition,
they also reproduce further details of the data: the de-
crease (increase) while increasing B after the peaks for
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<latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit>
(e)
(f)
B k [100]
<latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAAC OXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeW V1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg8 6SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7 UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklE TkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAAC OXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeW V1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg8 6SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7 UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklE TkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAAC OXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeW V1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg8 6SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7 UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklE TkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAAC OXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeW V1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg8 6SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7 UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklE TkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit>
B k [100]
<latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit><latexit sha1_base64="RBNNYvWr00Qdo7ztlwPCCbNk5PE=">AAACO XicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXFpeWV1d La+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7parYS0cg86SaEKq ZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRsfp7ogBp7UAmPinB3 dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNg4nRa6QPbJPDklETkiDXJBL0i SMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6Bq7qq78=</latexit>
(c)
(d)
B k [110]
<latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit><latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit><latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit><latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit>
(g)
(h)
B k [110]
<latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit><latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit><latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit><latexit sha1_base64="N+A6vrdVURMk1tTuGGs5auqoGfU=">AAACO XicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cnJkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6 W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRU yQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3 J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNwUuQK2SP75JBE5IQ0yAW5JE 3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKvb7Cqq8A=</latexit>
B k [110]
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FIG. 4. T dependence of the dielectric constant obtained in
(a–d) experiments for SrTCPO and (e–h) theoretical calcu-
lations for the model (1), for various magnetic field strength:
(a,b,e,f) B ‖ E ‖ [100] and (c,d,g,h) B ‖ [110] and E ‖ [001].
(b,d,f,h) are the results close to the critical fields. The same
parameters as in Fig. 3 are used in the theory.
B ‖ [100] ([110]), and the reduction and shift of the peak
while increasing T for B ‖ [110].
Figures 4(a-d) show the experimental data for the T
dependence of the dielectric constant for different mag-
netic fields, and Figs. 4(e-h) are the corresponding theo-
retical results. Again, the theoretical curves well repro-
duce the experimental results; for instance, in comparison
of Figs. 4(a,b) and 4(e,f) for B ‖ E ‖ [100], the increase
of the dielectric anomaly while increasing B toward the
critical field B
[100]
c ' 13.5 T in the low field regime, and
the nondivergent cusplike feature for higher fields. In
the same way, Figs. 4(c,d) and 4(g,h) for B ‖ [110] and
E ‖ [001] show good correspondence between the exper-
imental measurements and the theoretical calculations;
the increase of the dielectric anomaly in the low field
regime, and the sharper anomaly for higher fields.
6C. Finite-temperature phase diagram
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(a)
FIG. 5. Finite-T phase diagrams obtained in experiment
for the magnetic field (a) B ‖ [100] and (b) B ‖ [110]. The
phase boundaries ε(T ) and ε(B) are determined by the peak
positions of the dielectric constant while changing T and B ,
respectively.
We summarize the experimental phase diagrams in
Fig. 5 by plotting the peak positions of the dielectric
constant. For both cases with B ‖ [100] and B ‖ [110],
the critical temperatures separating the high-T param-
agnet and the low-T ordered phase are reduced by in-
creasing the magnetic field in the low field region. The
system exhibits a phase transition at B
[100]
c ' 13.5 T and
B
[110]
c ' 15 T at low T , and the critical fields slightly in-
crease while raising T . The critical temperatures of the
high field phase to the paramagnetic state show a small
increase in the narrow field region of the measurement.
We show the finite-T phase diagram obtained by the
CMF method in Fig. 6. Figures 6(b) and 6(c) correspond
to the experimental results in Fig. 5. We find that the
phase diagrams for B ‖ [100] and B ‖ [110] are simi-
lar to each other; we call the low-field ordered phase Z
(Z’) and the high field one Y (Y’) for B ‖ [100] ([110]).
The results indicate that our theory well reproduces the
experimental results in Fig. 5, except for the small en-
hancement of the critical temperature in the high field
phase. This discrepancy might be reconciled by taking
into account the fluctuation effect beyond the CMF ap-
proximation which may play an important role in the
phase competing region. Based on the good agreement
between the experiment and theory, we identify the low
field phases in experiments as Z and Z’ and the high field
phases as Y and Y’. We will discuss the order parameters
and electric polarizations in these phases in Sec. III D.
In addition, we also show the phase diagram for B ‖
[001] in Fig. 6(a), in which the high-field phases (II
and III) are not accessible in the present dielectric ex-
periments. The phase diagram is similar to that for
BaTCPO [14]: the stabilized phases are common, in-
cluding the hidden phase III. We note that the phase
diagrams in Figs. 6(b) and 6(c) are also similar to those
for BaTCPO (see Ref. [14] for B ‖ [100] and Appendix B
for B ‖ [110]).
D. Order parameters and electric polarizations
Based on the similarity of the phase diagrams, here
we analyze the theoretical results for SrTCPO by the
antiferromagnetic order parameters used in the study of
BaTCPO [14]:
mAF ≡ 1
Nspin
∑
`
(−1)`p`〈S`〉, (6)
where p` = +1(−1) for the upper (lower) layer in
Fig. 1(a), and Nspin is the number of spins. Figures 7(a-
c) show the magnetic field dependence of mAF at zero T
for the three different field directions [19]. While only the
z component of the order parameter is nonzero (mzAF 6= 0
andmx,yAF = 0) for the low field phase including B = 0, the
orientation of mAF changes to the perpendicular direc-
tion to the z axis through a first-order phase transition
with the magnetization jump: |mxAF| = |myAF| 6= 0 for
B ‖ [001], myAF 6= 0 for B ‖ [100], and m[11¯0]AF 6= 0 for
B ‖ [110]. mAF vanishes continuously at the saturation
field for all the directions.
Figures 7(d-f) show the field dependence of the stag-
gered component of the electric polarization, PAF, com-
puted based on the exchange striction mechanism [18].
In the present system, a ferroelectric polarization can
appear in each layer, but the direction is antiparallel be-
tween the neighboring layers, resulting in the vanishing
net polarization. Thus, we define the interlayer-staggered
component as [20]
PAF =
∑
〈i,j〉
pinij〈Si · Sj〉. (7)
PAF behaves differently for three field directions:
|P xAF| = |P yAF| 6= 0 in the phase II for B ‖ [001], P xAF 6= 0
in Z for B ‖ [100], and P [11¯0]AF 6= 0 in Z’ and P [001]AF 6= 0
in Y’ for B ‖ [110]. Note that P [001]AF changes its sign in
the phase Y’. Similar behavior was found in PbTCPO as
a sign change of the net electric polarization parallel to
[001] [15].
The results for mAF and PAF are summarized in Ta-
ble I. The table includes other phases found in Sec. III E
by changing the model parameters.
E. Ground-state phase diagram in an extended
parameter space
Thus far, we have discussed the model in Eq. (1) with
the parameter set for SrTCPO. In this section, we extend
the parameter space and try to find other interesting ME
behaviors for future material investigation.
First, considering a solid solution of the Sr and Ba
compounds, we study the interpolation between the pa-
rameter sets for SrTCPO and BaTCPO. Figure 8 shows
the ground-state phase diagrams computed by chang-
ing the parameters continuously between SrTCPO and
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gµBB
<latexit sha1_base64="mVToxC crMjz4x4T4HPP3QaG7+G0=">AAACMnicbVDLSgNBEJz1GeMjiR69DA bBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJ ORi1oKGoqqbpSjLBjfX9V29ldW19Y7O0Vd7e2d2rVGv7tybNNcMuS0W q+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDopr lbGNJR5XIRa0vaUtuNq3W/4c9C/JFiQOlmgE9e87XCYslyiskyAMYP Az2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJ qomL84pcdOGdJRqt0oS+fqz40CpDETmbikBHtnfnsz8T9vkNvRRVRw leUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt 9l/SW3Z43AbwTXzXrLXxRZIofkiJyQgJyTFrkiHdIljOTkkTyRZ+/Fe /PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxC crMjz4x4T4HPP3QaG7+G0=">AAACMnicbVDLSgNBEJz1GeMjiR69DA bBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJ ORi1oKGoqqbpSjLBjfX9V29ldW19Y7O0Vd7e2d2rVGv7tybNNcMuS0W q+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDopr lbGNJR5XIRa0vaUtuNq3W/4c9C/JFiQOlmgE9e87XCYslyiskyAMYP Az2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJ qomL84pcdOGdJRqt0oS+fqz40CpDETmbikBHtnfnsz8T9vkNvRRVRw leUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt 9l/SW3Z43AbwTXzXrLXxRZIofkiJyQgJyTFrkiHdIljOTkkTyRZ+/Fe /PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxC crMjz4x4T4HPP3QaG7+G0=">AAACMnicbVDLSgNBEJz1GeMjiR69DA bBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJ ORi1oKGoqqbpSjLBjfX9V29ldW19Y7O0Vd7e2d2rVGv7tybNNcMuS0W q+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDopr lbGNJR5XIRa0vaUtuNq3W/4c9C/JFiQOlmgE9e87XCYslyiskyAMYP Az2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJ qomL84pcdOGdJRqt0oS+fqz40CpDETmbikBHtnfnsz8T9vkNvRRVRw leUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt 9l/SW3Z43AbwTXzXrLXxRZIofkiJyQgJyTFrkiHdIljOTkkTyRZ+/Fe /PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxC crMjz4x4T4HPP3QaG7+G0=">AAACMnicbVDLSgNBEJz1GeMjiR69DA bBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJ ORi1oKGoqqbpSjLBjfX9V29ldW19Y7O0Vd7e2d2rVGv7tybNNcMuS0W q+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDopr lbGNJR5XIRa0vaUtuNq3W/4c9C/JFiQOlmgE9e87XCYslyiskyAMYP Az2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJ qomL84pcdOGdJRqt0oS+fqz40CpDETmbikBHtnfnsz8T9vkNvRRVRw leUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt 9l/SW3Z43AbwTXzXrLXxRZIofkiJyQgJyTFrkiHdIljOTkkTyRZ+/Fe /PevY/v6Iq32DkgS/A+vwA0ZakM</latexit>
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<latexit sha1_base64="DHYZrQqirQxqKXeHNghHGeEh7fI=">AAA COXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXF peWV1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7par YS0cg86SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRs fp7ogBp7UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNo4mRa 6QPbJPDklETkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6BrAeq8M=</latexit><latexit sha1_base64="DHYZrQqirQxqKXeHNghHGeEh7fI=">AAA COXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXF peWV1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7par YS0cg86SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRs fp7ogBp7UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNo4mRa 6QPbJPDklETkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6BrAeq8M=</latexit><latexit sha1_base64="DHYZrQqirQxqKXeHNghHGeEh7fI=">AAA COXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXF peWV1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7par YS0cg86SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRs fp7ogBp7UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNo4mRa 6QPbJPDklETkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6BrAeq8M=</latexit><latexit sha1_base64="DHYZrQqirQxqKXeHNghHGeEh7fI=">AAA COXicbVDLSgMxFM34tr5aBTdugkVwIWVGCrosunGpYK3QDuVOeqcGk0xIMkIZ+zNu9Q/8EpfuxK0/YFq7sNYDgcM55+ZyT6IFty4M34K5+YXF peWV1dLa+sbmVrmyfWOz3DBsskxk5jYBi4IrbDruBN5qgyATga3k/nzktx7QWJ6pazfQGEvoK55yBs5L3fJu0UlSejbsaDAgBArajsIw7par YS0cg86SaEKqZILLbiVY6/QylktUjgmw1n+jXVyAcZwJHJY6uUUN7B762Ia6Bo3mSIDqWeZpXPQxk+jMYDroqQKJNi7Glw7pgVd6NM2Mf8rRs fp7ogBp7UAmPinB3dm/3kj8z2vnLj2NC6507lCxn0VpLqjL6Kg22uMGmRMDT4AZ7o+i7M5Xxpwvd2pLIoclX1/0t6xZcnNci8JadFWvNo4mRa 6QPbJPDklETkiDXJBL0iSMPJIn8kxegtfgPfgIPn+ic8FkZodMIfj6BrAeq8M=</latexit>
gµBB
<latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit>
0.0
0.2
0.4
0.0 1.0 2.0
T
gµBB
Z’ Y’
B k [110]
<latexit sha1_base64="6BnOEsltVYbwzZHyOhx8nl2Tkh4=">AAACOXicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cn JkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRUyQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1 DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNoUuQK2SP75JBE5IQ0yAW5JE3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKv b7Heq8Q=</latexit><latexit sha1_base64="6BnOEsltVYbwzZHyOhx8nl2Tkh4=">AAACOXicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cn JkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRUyQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1 DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNoUuQK2SP75JBE5IQ0yAW5JE3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKv b7Heq8Q=</latexit><latexit sha1_base64="6BnOEsltVYbwzZHyOhx8nl2Tkh4=">AAACOXicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cn JkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRUyQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1 DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNoUuQK2SP75JBE5IQ0yAW5JE3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKv b7Heq8Q=</latexit><latexit sha1_base64="6BnOEsltVYbwzZHyOhx8nl2Tkh4=">AAACOXicbVDLSgNBEJz1bXwlCl68DAbBg4RdCegx6MWjgjFCsoTeSW8cn JkdZmaFsOZnvOof+CUevYlXf8BJzMEYCxqKqmqarkQLbl0YvgVz8wuLS8srq6W19Y3NrXJl+8ZmuWHYZJnIzG0CFgVX2HTcCbzVBkEmAlvJ/fnIbz2gsTxT126gMZbQVzzlDJyXuuXdopOk9GzY0WBACBS0HUVh3C1Xw1o4Bp0l0YRUyQSX3Uqw1ullLJeoHBNgbTsKtYsLMI4zgcNSJ7eogd1 DH9tQ16DRHAlQPcs8jYs+ZhKdGUwHPVUg0cbF+NMhPfBKj6aZ8aMcHau/NwqQ1g5k4pMS3J39643E/7x27tLTuOBK5w4V+zmU5oK6jI5qoz1ukDkx8ASY4f4pyu58Zcz5cqeuJHJY8vVFf8uaJTfHtSisRVf1auNoUuQK2SP75JBE5IQ0yAW5JE3CyCN5Is/kJXgN3oOP4PMnOhdMdnbIFIKv b7Heq8Q=</latexit>
gµBB
<latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit><latexit sha1_base64="mVToxCcrMjz4x4T4HPP3QaG7+G0=">AAA CMnicbVDLSgNBEJz1GeMjiR69DAbBg4RdCegxxIvHCMYEssvSO+nEwZnZZWZWCEu+xKv+gT+jN/HqRziJORi1oKGoqqbpSjLBjfX9V29ldW19 Y7O0Vd7e2d2rVGv7tybNNcMuS0Wq+wkYFFxh13IrsJ9pBJkI7CX3lzO/94Da8FTd2EmGkYSx4iPOwDoprlbGNJR5XIRa0vaUtuNq3W/4c9C/ JFiQOlmgE9e87XCYslyiskyAMYPAz2xUgLacCZyWw9xgBuwexjiAZgYZ6lMBamiYo1ExxlSi1ZPloKMKJJqomL84pcdOGdJRqt0oS+fqz40Cp DETmbikBHtnfnsz8T9vkNvRRVRwleUWFfs+NMoFtSmd9UWHXCOzYuIIMM3dU5TdgQZmXatLVxI5Lbv6gt9l/SW3Z43AbwTXzXrLXxRZIofkiJ yQgJyTFrkiHdIljOTkkTyRZ+/Fe/PevY/v6Iq32DkgS/A+vwA0ZakM</latexit>
FIG. 6. Finite-T phase diagrams for the magnetic field (a) B ‖ [001], (b) B ‖ [100], and (c) B ‖ [110] computed by the CMF
method with the parameter set for SrTCPO (see the caption of Fig. 2).
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B k [100]
<latexit sha1_ base64="AwlmKRGO61sqblp6DNRQ gFUaunk=">AAACOnicbVDLSgMxF M34tvVRdeHCTbAILqTMiKBL0Y1LB auFdih30js1mGRCkhHKMF/jVv/A H3HrTtz6Aaa1C9t6IHA459xc7km0 4NaF4XswN7+wuLS8slqprq1vbNa2 tu9slhuGTZaJzLQSsCi4wqbjTmB LGwSZCLxPHi+H/v0TGsszdesGGmM JfcVTzsB5qVvbLTpJSi9K2tFgQA gUtB2FYdyt1cNGOAKdJdGY1MkY19 2toNrpZSyXqBwTYK3/Rru4AOM4E 1hWOrlFDewR+tiGEw0azZEA1bPM0 7joYybRmcFk0FMFEm1cjE4t6YFX ejTNjH/K0ZH6d6IAae1AJj4pwT3Y aW8o/ue1c5eexQVXOneo2O+iNBf UZXTYG+1xg8yJgSfADPdHUfbgK2P OtzuxJZFlxdcXTZc1S+6OG1HYiG5 O6udH4yJXyB7ZJ4ckIqfknFyRa9 IkjJTkmbyQ1+At+Ag+g6/f6Fwwnt khEwi+fwARsqvt</latexit><latexit sha1_ base64="AwlmKRGO61sqblp6DNRQ gFUaunk=">AAACOnicbVDLSgMxF M34tvVRdeHCTbAILqTMiKBL0Y1LB auFdih30js1mGRCkhHKMF/jVv/A H3HrTtz6Aaa1C9t6IHA459xc7km0 4NaF4XswN7+wuLS8slqprq1vbNa2 tu9slhuGTZaJzLQSsCi4wqbjTmB LGwSZCLxPHi+H/v0TGsszdesGGmM JfcVTzsB5qVvbLTpJSi9K2tFgQA gUtB2FYdyt1cNGOAKdJdGY1MkY19 2toNrpZSyXqBwTYK3/Rru4AOM4E 1hWOrlFDewR+tiGEw0azZEA1bPM0 7joYybRmcFk0FMFEm1cjE4t6YFX ejTNjH/K0ZH6d6IAae1AJj4pwT3Y aW8o/ue1c5eexQVXOneo2O+iNBf UZXTYG+1xg8yJgSfADPdHUfbgK2P OtzuxJZFlxdcXTZc1S+6OG1HYiG5 O6udH4yJXyB7ZJ4ckIqfknFyRa9 IkjJTkmbyQ1+At+Ag+g6/f6Fwwnt khEwi+fwARsqvt</latexit><latexit sha1_ base64="AwlmKRGO61sqblp6DNRQ gFUaunk=">AAACOnicbVDLSgMxF M34tvVRdeHCTbAILqTMiKBL0Y1LB auFdih30js1mGRCkhHKMF/jVv/A H3HrTtz6Aaa1C9t6IHA459xc7km0 4NaF4XswN7+wuLS8slqprq1vbNa2 tu9slhuGTZaJzLQSsCi4wqbjTmB LGwSZCLxPHi+H/v0TGsszdesGGmM JfcVTzsB5qVvbLTpJSi9K2tFgQA gUtB2FYdyt1cNGOAKdJdGY1MkY19 2toNrpZSyXqBwTYK3/Rru4AOM4E 1hWOrlFDewR+tiGEw0azZEA1bPM0 7joYybRmcFk0FMFEm1cjE4t6YFX ejTNjH/K0ZH6d6IAae1AJj4pwT3Y aW8o/ue1c5eexQVXOneo2O+iNBf UZXTYG+1xg8yJgSfADPdHUfbgK2P OtzuxJZFlxdcXTZc1S+6OG1HYiG5 O6udH4yJXyB7ZJ4ckIqfknFyRa9 IkjJTkmbyQ1+At+Ag+g6/f6Fwwnt khEwi+fwARsqvt</latexit><latexit sha1_ base64="AwlmKRGO61sqblp6DNRQ gFUaunk=">AAACOnicbVDLSgMxF M34tvVRdeHCTbAILqTMiKBL0Y1LB auFdih30js1mGRCkhHKMF/jVv/A H3HrTtz6Aaa1C9t6IHA459xc7km0 4NaF4XswN7+wuLS8slqprq1vbNa2 tu9slhuGTZaJzLQSsCi4wqbjTmB LGwSZCLxPHi+H/v0TGsszdesGGmM JfcVTzsB5qVvbLTpJSi9K2tFgQA gUtB2FYdyt1cNGOAKdJdGY1MkY19 2toNrpZSyXqBwTYK3/Rru4AOM4E 1hWOrlFDewR+tiGEw0azZEA1bPM0 7joYybRmcFk0FMFEm1cjE4t6YFX ejTNjH/K0ZH6d6IAae1AJj4pwT3Y aW8o/ue1c5eexQVXOneo2O+iNBf UZXTYG+1xg8yJgSfADPdHUfbgK2P OtzuxJZFlxdcXTZc1S+6OG1HYiG5 O6udH4yJXyB7ZJ4ckIqfknFyRa9 IkjJTkmbyQ1+At+Ag+g6/f6Fwwnt khEwi+fwARsqvt</latexit>
B k [100]
<latexit sha1_base64="AwlmKR GO61sqblp6DNRQgFUaunk=">AAACOnicbVDLSgMxFM34tvVRdeHCTbA ILqTMiKBL0Y1LBauFdih30js1mGRCkhHKMF/jVv/AH3HrTtz6Aaa1C9 t6IHA459xc7km04NaF4XswN7+wuLS8slqprq1vbNa2tu9slhuGTZaJz LQSsCi4wqbjTmBLGwSZCLxPHi+H/v0TGsszdesGGmMJfcVTzsB5qVvb LTpJSi9K2tFgQAgUtB2FYdyt1cNGOAKdJdGY1MkY192toNrpZSyXqBw TYK3/Rru4AOM4E1hWOrlFDewR+tiGEw0azZEA1bPM07joYybRmcFk0FM FEm1cjE4t6YFXejTNjH/K0ZH6d6IAae1AJj4pwT3YaW8o/ue1c5eexQ VXOneo2O+iNBfUZXTYG+1xg8yJgSfADPdHUfbgK2POtzuxJZFlxdcXT Zc1S+6OG1HYiG5O6udH4yJXyB7ZJ4ckIqfknFyRa9IkjJTkmbyQ1+At +Ag+g6/f6FwwntkhEwi+fwARsqvt</latexit><latexit sha1_base64="AwlmKR GO61sqblp6DNRQgFUaunk=">AAACOnicbVDLSgMxFM34tvVRdeHCTbA ILqTMiKBL0Y1LBauFdih30js1mGRCkhHKMF/jVv/AH3HrTtz6Aaa1C9 t6IHA459xc7km04NaF4XswN7+wuLS8slqprq1vbNa2tu9slhuGTZaJz LQSsCi4wqbjTmBLGwSZCLxPHi+H/v0TGsszdesGGmMJfcVTzsB5qVvb LTpJSi9K2tFgQAgUtB2FYdyt1cNGOAKdJdGY1MkY192toNrpZSyXqBw TYK3/Rru4AOM4E1hWOrlFDewR+tiGEw0azZEA1bPM07joYybRmcFk0FM FEm1cjE4t6YFXejTNjH/K0ZH6d6IAae1AJj4pwT3YaW8o/ue1c5eexQ VXOneo2O+iNBfUZXTYG+1xg8yJgSfADPdHUfbgK2POtzuxJZFlxdcXT Zc1S+6OG1HYiG5O6udH4yJXyB7ZJ4ckIqfknFyRa9IkjJTkmbyQ1+At +Ag+g6/f6FwwntkhEwi+fwARsqvt</latexit><latexit sha1_base64="AwlmKR GO61sqblp6DNRQgFUaunk=">AAACOnicbVDLSgMxFM34tvVRdeHCTbA ILqTMiKBL0Y1LBauFdih30js1mGRCkhHKMF/jVv/AH3HrTtz6Aaa1C9 t6IHA459xc7km04NaF4XswN7+wuLS8slqprq1vbNa2tu9slhuGTZaJz LQSsCi4wqbjTmBLGwSZCLxPHi+H/v0TGsszdesGGmMJfcVTzsB5qVvb LTpJSi9K2tFgQAgUtB2FYdyt1cNGOAKdJdGY1MkY192toNrpZSyXqBw TYK3/Rru4AOM4E1hWOrlFDewR+tiGEw0azZEA1bPM07joYybRmcFk0FM FEm1cjE4t6YFXejTNjH/K0ZH6d6IAae1AJj4pwT3YaW8o/ue1c5eexQ VXOneo2O+iNBfUZXTYG+1xg8yJgSfADPdHUfbgK2POtzuxJZFlxdcXT Zc1S+6OG1HYiG5O6udH4yJXyB7ZJ4ckIqfknFyRa9IkjJTkmbyQ1+At +Ag+g6/f6FwwntkhEwi+fwARsqvt</latexit><latexit sha1_base64="AwlmKR GO61sqblp6DNRQgFUaunk=">AAACOnicbVDLSgMxFM34tvVRdeHCTbA ILqTMiKBL0Y1LBauFdih30js1mGRCkhHKMF/jVv/AH3HrTtz6Aaa1C9 t6IHA459xc7km04NaF4XswN7+wuLS8slqprq1vbNa2tu9slhuGTZaJz LQSsCi4wqbjTmBLGwSZCLxPHi+H/v0TGsszdesGGmMJfcVTzsB5qVvb LTpJSi9K2tFgQAgUtB2FYdyt1cNGOAKdJdGY1MkY192toNrpZSyXqBw TYK3/Rru4AOM4E1hWOrlFDewR+tiGEw0azZEA1bPM07joYybRmcFk0FM FEm1cjE4t6YFXejTNjH/K0ZH6d6IAae1AJj4pwT3YaW8o/ue1c5eexQ VXOneo2O+iNBfUZXTYG+1xg8yJgSfADPdHUfbgK2POtzuxJZFlxdcXT Zc1S+6OG1HYiG5O6udH4yJXyB7ZJ4ckIqfknFyRa9IkjJTkmbyQ1+At +Ag+g6/f6FwwntkhEwi+fwARsqvt</latexit>
B k [110]
<latexit sha1_ base64="R65bu+T1alo7kC6KMq1K 2vXHJbY=">AAACOnicbVDLSgNBE Jz1bXxFPXjwMhgEDxJ2RdCj6MWjg nlAsoTeSW8cnJkdZmaFsOzXeNU/ 8Ee8ehOvfoCTmIMxFjQUVdU0XYkW 3LowfAvm5hcWl5ZXVitr6xubW9Xt nabNcsOwwTKRmXYCFgVX2HDcCWx rgyATga3k4Wrktx7RWJ6pOzfUGEs YKJ5yBs5Lvepe0U1SelnSrgYDQq CgnSgK4161FtbDMegsiSakRia46W 0Ha91+xnKJyjEB1naiULu4AOM4E 1hWurlFDewBBtiBUw0azbEA1bfM0 7gYYCbRmeF00FMFEm1cjF8t6aFX +jTNjB/l6Fj9vVGAtHYoE5+U4O7t X28k/ud1cpeexwVXOneo2M+hNBf UZXTUG+1zg8yJoSfADPdPUXbvK2P Otzt1JZFlxdcX/S1rljRP6lFYj25 PaxfHkyJXyD45IEckImfkglyTG9 IgjJTkiTyTl+A1eA8+gs+f6Fww2d klUwi+vgETcqvu</latexit><latexit sha1_ base64="R65bu+T1alo7kC6KMq1K 2vXHJbY=">AAACOnicbVDLSgNBE Jz1bXxFPXjwMhgEDxJ2RdCj6MWjg nlAsoTeSW8cnJkdZmaFsOzXeNU/ 8Ee8ehOvfoCTmIMxFjQUVdU0XYkW 3LowfAvm5hcWl5ZXVitr6xubW9Xt nabNcsOwwTKRmXYCFgVX2HDcCWx rgyATga3k4Wrktx7RWJ6pOzfUGEs YKJ5yBs5Lvepe0U1SelnSrgYDQq CgnSgK4161FtbDMegsiSakRia46W 0Ha91+xnKJyjEB1naiULu4AOM4E 1hWurlFDewBBtiBUw0azbEA1bfM0 7gYYCbRmeF00FMFEm1cjF8t6aFX +jTNjB/l6Fj9vVGAtHYoE5+U4O7t X28k/ud1cpeexwVXOneo2M+hNBf UZXTUG+1zg8yJoSfADPdPUXbvK2P Otzt1JZFlxdcX/S1rljRP6lFYj25 PaxfHkyJXyD45IEckImfkglyTG9 IgjJTkiTyTl+A1eA8+gs+f6Fww2d klUwi+vgETcqvu</latexit><latexit sha1_ base64="R65bu+T1alo7kC6KMq1K 2vXHJbY=">AAACOnicbVDLSgNBE Jz1bXxFPXjwMhgEDxJ2RdCj6MWjg nlAsoTeSW8cnJkdZmaFsOzXeNU/ 8Ee8ehOvfoCTmIMxFjQUVdU0XYkW 3LowfAvm5hcWl5ZXVitr6xubW9Xt nabNcsOwwTKRmXYCFgVX2HDcCWx rgyATga3k4Wrktx7RWJ6pOzfUGEs YKJ5yBs5Lvepe0U1SelnSrgYDQq CgnSgK4161FtbDMegsiSakRia46W 0Ha91+xnKJyjEB1naiULu4AOM4E 1hWurlFDewBBtiBUw0azbEA1bfM0 7gYYCbRmeF00FMFEm1cjF8t6aFX +jTNjB/l6Fj9vVGAtHYoE5+U4O7t X28k/ud1cpeexwVXOneo2M+hNBf UZXTUG+1zg8yJoSfADPdPUXbvK2P Otzt1JZFlxdcX/S1rljRP6lFYj25 PaxfHkyJXyD45IEckImfkglyTG9 IgjJTkiTyTl+A1eA8+gs+f6Fww2d klUwi+vgETcqvu</latexit><latexit sha1_ base64="R65bu+T1alo7kC6KMq1K 2vXHJbY=">AAACOnicbVDLSgNBE Jz1bXxFPXjwMhgEDxJ2RdCj6MWjg nlAsoTeSW8cnJkdZmaFsOzXeNU/ 8Ee8ehOvfoCTmIMxFjQUVdU0XYkW 3LowfAvm5hcWl5ZXVitr6xubW9Xt nabNcsOwwTKRmXYCFgVX2HDcCWx rgyATga3k4Wrktx7RWJ6pOzfUGEs YKJ5yBs5Lvepe0U1SelnSrgYDQq CgnSgK4161FtbDMegsiSakRia46W 0Ha91+xnKJyjEB1naiULu4AOM4E 1hWurlFDewBBtiBUw0azbEA1bfM0 7gYYCbRmeF00FMFEm1cjF8t6aFX +jTNjB/l6Fj9vVGAtHYoE5+U4O7t X28k/ud1cpeexwVXOneo2M+hNBf UZXTUG+1zg8yJoSfADPdPUXbvK2P Otzt1JZFlxdcX/S1rljRP6lFYj25 PaxfHkyJXyD45IEckImfkglyTG9 IgjJTkiTyTl+A1eA8+gs+f6Fww2d klUwi+vgETcqvu</latexit>
B k [110]
<latexit sha1_base64="R65bu+ T1alo7kC6KMq1K2vXHJbY=">AAACOnicbVDLSgNBEJz1bXxFPXjwMhg EDxJ2RdCj6MWjgnlAsoTeSW8cnJkdZmaFsOzXeNU/8Ee8ehOvfoCTmI MxFjQUVdU0XYkW3LowfAvm5hcWl5ZXVitr6xubW9XtnabNcsOwwTKRm XYCFgVX2HDcCWxrgyATga3k4Wrktx7RWJ6pOzfUGEsYKJ5yBs5Lvepe 0U1SelnSrgYDQqCgnSgK4161FtbDMegsiSakRia46W0Ha91+xnKJyjE B1naiULu4AOM4E1hWurlFDewBBtiBUw0azbEA1bfM07gYYCbRmeF00FM FEm1cjF8t6aFX+jTNjB/l6Fj9vVGAtHYoE5+U4O7tX28k/ud1cpeexw VXOneo2M+hNBfUZXTUG+1zg8yJoSfADPdPUXbvK2POtzt1JZFlxdcX/ S1rljRP6lFYj25PaxfHkyJXyD45IEckImfkglyTG9IgjJTkiTyTl+A1 eA8+gs+f6Fww2dklUwi+vgETcqvu</latexit><latexit sha1_base64="R65bu+ T1alo7kC6KMq1K2vXHJbY=">AAACOnicbVDLSgNBEJz1bXxFPXjwMhg EDxJ2RdCj6MWjgnlAsoTeSW8cnJkdZmaFsOzXeNU/8Ee8ehOvfoCTmI MxFjQUVdU0XYkW3LowfAvm5hcWl5ZXVitr6xubW9XtnabNcsOwwTKRm XYCFgVX2HDcCWxrgyATga3k4Wrktx7RWJ6pOzfUGEsYKJ5yBs5Lvepe 0U1SelnSrgYDQqCgnSgK4161FtbDMegsiSakRia46W0Ha91+xnKJyjE B1naiULu4AOM4E1hWurlFDewBBtiBUw0azbEA1bfM07gYYCbRmeF00FM FEm1cjF8t6aFX+jTNjB/l6Fj9vVGAtHYoE5+U4O7tX28k/ud1cpeexw VXOneo2M+hNBfUZXTUG+1zg8yJoSfADPdPUXbvK2POtzt1JZFlxdcX/ S1rljRP6lFYj25PaxfHkyJXyD45IEckImfkglyTG9IgjJTkiTyTl+A1 eA8+gs+f6Fww2dklUwi+vgETcqvu</latexit><latexit sha1_base64="R65bu+ T1alo7kC6KMq1K2vXHJbY=">AAACOnicbVDLSgNBEJz1bXxFPXjwMhg EDxJ2RdCj6MWjgnlAsoTeSW8cnJkdZmaFsOzXeNU/8Ee8ehOvfoCTmI MxFjQUVdU0XYkW3LowfAvm5hcWl5ZXVitr6xubW9XtnabNcsOwwTKRm XYCFgVX2HDcCWxrgyATga3k4Wrktx7RWJ6pOzfUGEsYKJ5yBs5Lvepe 0U1SelnSrgYDQqCgnSgK4161FtbDMegsiSakRia46W0Ha91+xnKJyjE B1naiULu4AOM4E1hWurlFDewBBtiBUw0azbEA1bfM07gYYCbRmeF00FM FEm1cjF8t6aFX+jTNjB/l6Fj9vVGAtHYoE5+U4O7tX28k/ud1cpeexw VXOneo2M+hNBfUZXTUG+1zg8yJoSfADPdPUXbvK2POtzt1JZFlxdcX/ S1rljRP6lFYj25PaxfHkyJXyD45IEckImfkglyTG9IgjJTkiTyTl+A1 eA8+gs+f6Fww2dklUwi+vgETcqvu</latexit><latexit sha1_base64="R65bu+ T1alo7kC6KMq1K2vXHJbY=">AAACOnicbVDLSgNBEJz1bXxFPXjwMhg EDxJ2RdCj6MWjgnlAsoTeSW8cnJkdZmaFsOzXeNU/8Ee8ehOvfoCTmI MxFjQUVdU0XYkW3LowfAvm5hcWl5ZXVitr6xubW9XtnabNcsOwwTKRm XYCFgVX2HDcCWxrgyATga3k4Wrktx7RWJ6pOzfUGEsYKJ5yBs5Lvepe 0U1SelnSrgYDQqCgnSgK4161FtbDMegsiSakRia46W0Ha91+xnKJyjE B1naiULu4AOM4E1hWurlFDewBBtiBUw0azbEA1bfM07gYYCbRmeF00FM FEm1cjF8t6aFX+jTNjB/l6Fj9vVGAtHYoE5+U4O7tX28k/ud1cpeexw VXOneo2M+hNBfUZXTUG+1zg8yJoSfADPdPUXbvK2POtzt1JZFlxdcX/ S1rljRP6lFYj25PaxfHkyJXyD45IEckImfkglyTG9IgjJTkiTyTl+A1 eA8+gs+f6Fww2dklUwi+vgETcqvu</latexit>
B k [001]
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FIG. 7. B dependence of (a-c) the antiferromagnetic order
parameter mAF [Eq. (6)] and (d-f) the interlayer-staggered
component of the electric polarization, PAF [Eq. (7)], for (a,d)
B ‖ [001], (b,e) B ‖ [100], and (c,f) B ‖ [110].
BaTCPO. For simplicity, here we interpolate J1 and θ
linearly between (J1, θ) = (0.6, 90
◦) for SrTCPO and
(J1, θ) = (1, 80
◦) for BaTCPO. For all the three field di-
rections, the phase diagrams change continuously, with-
out any additional phases. The experimentally-observed
jumps in the magnetization curves of SrTCPO in Fig. 1
are identified as the ME transitions between I and II
for B ‖ [001], between Z and Y for B ‖ [100], and be-
tween Z’ and Y’ for B ‖ [110] as those of BaTCPO.
(See Appendix B for the phase diagrams for BaTCPO
with B ‖ [110]. The phase diagrams for the other field
directions are in Ref. [14].) Thus, although the phase
boundary between I and II in Fig. 8(a) shows a rapid
and reentrant change for slight doping of Ba, our results
mAF PAF P notes
I [001] - -
II [110]/[11¯0] [11¯0]/[110] - mAF ⊥ PAF
B ‖ [001] III [100]/[010] [100]/[010] - mAF ‖ PAF
IV - - [001] P ‖ B
V - - -
Z [001] [100] - mAF ⊥ PAF
Y [010] - -
B ‖ [100] M - - [100] P ‖ B
T - - [ab0] P x 6= P y
S [001] [ab0] - P xAF 6= P yAF
Z’ [001] [11¯0] - mAF ⊥ PAF
B ‖ [110] Y’ [11¯0] [001] - mAF ⊥ PAF
M’ - - [110] P ‖ B
B = 0 (θ > θc) [001] - -
B = 0 (θ < θc) - - -
TABLE I. Direction of the antiferromagnetic order parame-
ter mAF [Eq. (6)], the interlayer-staggered component of the
electric polarization, PAF [Eq. (7)], and the net electric po-
larization P [Eq. (5)] in each phase. The symbol “-” indicates
that the order parameter vanishes. θc is the critical angle at
B = 0: θc = 12.5± 0.05◦ (see the text for details).
imply no qualitatively new ME phase for a solid solution
(Sr,Ba)TCPO.
Next, we study the ground-state phase diagram by
changing only the DM angle θ for the parameter set for
SrTCPO. Such a change may be possible by a defor-
mation of square cupolas, e.g., by an external pressure
and chemical substitutions. Figure 9 shows the results
as functions of θ and the magnetic field B. In addition
to the phases appearing in the previous sections (I, II,
III, Z, Y, Z’, and Y’), we find additional phases IV, V,
M, T, S, and M’ in the small θ region.
When B = 0, the system exhibits a phase transition at
the critical angle θc = 12.5± 0.05◦ between the spin con-
figuration of monopole type for θ < θc [Fig. 10(a)] and of
8a tx ty tz qxy qxx qyy remarks
I * - - - - X X
II * X X - * * * |tx| = |ty| in a layer
B ‖ [001] III * X/- -/X - - * * Either tx or ty is nonzero.
IV ◦ - - - - ◦ ◦ qxx = qyy
V * - - X/◦ - * * tz depends on the layer stacking; qxx = qyy
Z X - * - - X X qxx ' −qyy in a layer [21]
Y - X * - - - -
B ‖ [100] M ◦ - * - - ◦ ◦
T ◦ * * ◦ ◦ ◦ ◦ |qxy|  |a|, |tz|, |qxx|, and |qyy|
S X * * X X X X |qxy|  |a|, |tz|, |qxx|, and |qyy| in a layer
Z’ - * * X - X X qxx = −qyy
B ‖ [110] Y’ - X X - - - - tx = −ty (t ‖ [11¯0])
M’ ◦ - * - ◦ ◦ ◦ qxx = qyy
B = 0 (θ > θc) - - - - - X X qxx = −qyy in a layer
B = 0 (θ < θc) ◦ - - - - ◦ ◦ qxx = qyy
TABLE II. Cluster multipole decomposition of the spin configurations in each square cupola into the monopole a, toroidal
moment t, and quadrupole tensor qµν . See Eqs. (9)-(11). The symbol ◦ means that the net value for the four cupolas in the
unit cell is nonzero in the CMF solutions; the symbol X means that the value for each layer is nonzero, but the net value
vanishes because of the cancellation between the layers; the symbol * means that the value for each square cupola is nonzero,
but that of each layer vanishes because of the cancellation; the symbol “-” means that the value for each square cupola is zero.
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FIG. 8. Ground-state (T = 0) phase diagrams for
the parameter sets linearly interpolated between (J1, θ) =
(0.6, 90◦) for Sr(TiO)Cu4(PO4)4 and (J1, θ) = (1, 80◦) for
Ba(TiO)Cu4(PO4)4. The other model parameters are fixed
at J2 = 1/6, J
′ = 1/2, J ′′ = 1/100, and D = 0.7. The mag-
netic field direction is (a) B ‖ [001], (b) B ‖ [100], and (c)
B ‖ [110].
qx2−y2 quadrupole type for θ > θc [Fig. 10(b)] [13, 14]
(see also Appendix A). This transition occurs mainly
because of the energy competition between the DM in-
teraction and the J1 exchange interaction, as shown in
Fig. 10(c); the former energy increases while the latter
decreases for θ > θc. We note that the J2 exchange
interaction also contributes to the stabilization of the
monopole-type spin configuration. The competition is
also understood from the spin configurations shown in
Figs. 10(a) and 10(b). For θ < θc, 〈Si〉 × 〈Sj〉 is almost
parallel to Dij , which is preferable for the DM energy,
while the neighboring spin pairs are almost perpendicu-
lar to each other, which is unfavorable for the J1 energy.
They are vice versa for θ > θc.
Figure 9(a) shows the phase diagram for B ‖ [001].
When turning on the magnetic field, the monopole
(qx2−y2 quadrupole) type spin configuration continuously
develops into that of the phase IV (I) for θ < θc (θ > θc).
While increasingB, the phase IV is extended to the larger
θ region, and instead the phase I is narrowed. With a fur-
ther increase of B, the phase IV turns into the phase V,
while the phase I turns into the phase II before saturation
in the region of θ . 110◦. The typical spin configurations
are shown in Appendix A and Supplemental Material for
Ref. [14].
Figures 9(b) and 9(c) show the phase diagrams for
B ‖ [100] and B ‖ [110], respectively. Similar to the case
of B ‖ [001], by introducing the magnetic field B ‖ [100]
and B ‖ [110], the monopole (qx2−y2 quadrupole) type
spin configuration appears in the phase M (Z) and phase
M’ (Z’) for θ < θc (θ > θc), respectively. However, the
phases M and M’ shrink as B increases, in contrast to
the case of B ‖ [001]. For B ‖ [110], the phase M’ di-
rectly turns into the phase Z’, whereas for B ‖ [100],
intermediate phases S and T are found before entering
to the phase Z. The typical spin configurations for these
additional phases are shown in Appendix A. In the inter-
mediate θ region, the phase Z (Z’) turns into the phase
Y (Y’) before saturation.
We summarize in Table I the antiferromagnetic or-
der parameter mAF and the interlayer-staggered compo-
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FIG. 9. Ground-state (T = 0) phase diagrams by changing the DM angle θ with the parameter set for SrTCPO in (a)
B ‖ [001], (b) B ‖ [100], and (c) B ‖ [110]. The colored regions represent different magnetically ordered phases, while the white
regions are the forced ferromagnetic phases. The gray region I+II in (a) indicates a mixed phase. There are also narrow mixed
regions near other phase boundaries although they are not seen clearly in the figures.
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FIG. 10. Spin configurations in a square cupola of (a) flux
type at θ = 8◦ < θc and (b) qx2−y2 quadrupole type at θ =
90◦ > θc for B = 0. The magenta arrows denote the spins
and the gray arrows on the bonds represent 〈Si〉 × 〈Sj〉. (c)
Contributions to the energy density from the J1, J2, and DM
interaction terms.
nent of the electric polarization, PAF, for the additional
phases IV, V, M, T, S, and M’ found in the small θ region
in Fig. 9. We also show the net electric polarization P
[Eq. (5)] in the table.
For θ < θc at B = 0, mAF is zero. Accordingly, mAF
remains zero in the phases IV, M, and M’, where the
spin configurations are continuously deformed from that
for B = 0 (see also Appendix A). Although the spin
configurations drastically change through the transitions
from IV to V and from M to T, mAF remains zero in
both phases V and T. On the other hand, mAF 6= 0 in the
phase S because of the antiferromagnetic layer stacking in
contrast to the ferromagnetic one in the phase T. In the
phase V, within the numerical accuracy, the interlayer
spins are uncorrelated in spite of the finite J ′′: the states
with ferromagnetic and antiferromagnetic layer stackings
are energetically degenerate in the phase V. We note that
the spin configuration in the phase V is of toroidal type
in terms of the cluster multipole decomposition discussed
in Sec. III F.
For the electric property, remarkably, the net polariza-
tion P ‖ B becomes nonzero in the phases IV, M, and
M’. As we will discuss in Sec. III F, this behavior origi-
nates from the monopole type spin configuration. In the
phase T, P y (perpendicular component to B) becomes
nonzero in addition to P x because the spin configuration
is regarded as a superposition of a toroidal type and a
monopole type spin configuration with the uniform man-
ner of the layer stacking. Meanwhile, in the phase S,
PAF ⊥ [001] becomes nonzero because of the antifer-
romagnetic layer stacking of a similar mixed type spin
configuration.
F. Cluster multipole decomposition
The ME behaviors in different phases found in the pre-
vious sections can be understood in terms of multipoles.
In the present system, the multipoles are defined in a
cluster form for a square cupola. For the cluster multi-
pole description, we define a 3 × 3 tensor by using the
spin configuration in a square cupola as
Mij ≡
∑
`
r˜i`S
j
` , (8)
where i, j takes x, y, or z; r˜` is the relative coordinate of
site ` from the center of the square cupola, and the sum
is taken for the four sites in the square cupola. Then,
the tensor Mij can be decomposed into the cluster mul-
tipoles, i.e., the pseudoscalar monopole a, the toroidal
moment vector t = (tx, ty, tz), and the quadrupole ten-
sor qij , which are defined as
a =
1
3
∑
i
Mii, (9)
tk =
1
2
∑
i,j
εijkMij , (10)
qij =
1
2
(
Mij +Mji − 2
3
δij
∑
k
Mkk
)
, (11)
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respectively [6], where δij and εijk represent the Kro-
necker delta and the three-dimensional Levi-Civita sym-
bol, respectively.
We summarize the results of the cluster multipole de-
composition in Table II. Here qzz, qyz, and qzx are omit-
ted because r˜z` = 0 for all ` leads the three relations,
a = −qzz, tx = qyz, and ty = −qzx. The nonzero
components of the cluster multipoles explain the ME be-
haviors in each phase. For example, in the phases I, Z,
and Z’, the nonzero PAF in B ‖ [100] and [110] is nat-
urally expected from the quadrupole of x2 − y2 type,
qx2−y2 = qxx − qyy. The quadrupole also explains the
divergent behavior of the dielectric anomaly in ε[100](T )
(ε[11¯0](T )) for B ‖ [100] (B ‖ [110]) at the Ne´el tem-
perature, as commonly observed in BaTCPO [13, 14]
[Figs. 4(a) and 4(e)]. On the other hand, in the phase Y’,
the toroidal moment t ‖ [11¯0] becomes nonzero in each
layer, which indicates the free energy has a coupling term
between E[001] and B[110]. This explains PAF ‖ [001] in-
duced by B ‖ [110]. Similarly, in the phase II, t ‖ [110]
or t ‖ [11¯0] becomes nonzero in each layer, which ex-
plains PAF ‖ [11¯0] or [110] induced by B ‖ [001]. In the
phase III, tx or ty becomes nonzero in each layer, which
explains PAF ‖ [010] or [100] induced by B ‖ [001].
Meanwhile, in the newly-found phases in the small θ
region, the net monopole a is activated, together with the
quadrupole tensor qxx = qyy 6= 0. This indicates that the
free energy has a coupling term of EµBµ with a uniaxial
anisotropy, i.e., the coefficient of EzBz is different from
that of ExBx and EyBy. This explains P ‖ B in the
phases IV, M, and M’. In the phase T, the net toroidal
moment t ‖ [001] is activated, which explains a nonzero
component of P perpendicular to both B and t, in addi-
tion to a component parallel to B. In the phase V where
P = PAF = 0, the nonzero t ‖ [001] indicates the free
energy term of ExBy − EyBx. This means that P or
PAF, which is perpendicular to B and [001], is activated
by tilting the magnetic field from B ‖ [001] depending on
the way of layer stacking.
IV. SUMMARY AND CONCLUDING
REMARKS
In conclusion, we have investigated the magnetoelec-
tric behavior of SrTCPO composed of antiferromagnetic
square cupolas by the combination of experimental mea-
surements and theoretical analyses. In experiments, by
the help of stable single crystal growth, we obtained the
full magnetization curves at low temperature (1.4 K up
to 45 T) for three different field directions, B ‖ [001],
B ‖ [100], and B ‖ [110], and the dielectric constant
as functions of temperature and the magnetic field (up
to 18 T) for B ‖ [100] and B ‖ [110]. The magneti-
zation curves show magnetization jumps, whose critical
fields depend on the field direction, similar to those of
isostructurals BaTCPO [9, 14] and PbTCPO [15]. The
dielectric constant shows an anomaly at the critical fields.
We found several differences between SrTCPO and pre-
viously studied BaTCPO and PbTCPO; in particular,
the ratio of the critical field to the saturation field is
much larger in SrTCPO for B ‖ [001]. To understand
the experimental observations, we studied a spin model
by using the the CMF method, following the previous
studies for BaTCPO [14] and PbTCPO [15]. We found
that the model well explains all the data for SrTCPO, in-
cluding the finite-T phase diagrams, by tuning the model
parameters. The agreements strongly support the valid-
ity of the simple microscopic model and our analyses for
the isostructural series of ATCPO.
We have also investigated further interesting ME be-
haviors by extending the model parameter space. Al-
though we did not find any additional phases by lin-
early interpolating the parameters between the Sr and
Ba cases, we unveiled a variety of unprecedented phases,
including ferroelectric ones, by changing the DM angle
with the parameter set for the Sr case. We investigated
the ME behaviors in all the phases, and rationalized them
by using the cluster multipole decomposition. We found
that the spin configurations in the additional phases for
a small DM angle acquire the cluster form of not only
quadrupole, which was already identified for the previous
studies, but also monopole and toroidal moments. Thus,
our results indicate that the antiferromagnetic square
cupola could host all the multipoles giving rise to the
linear ME effect. A smaller θ is expected to be possibly
realized by compressing the cupola in the [001] direction,
e.g., by an external pressure and chemical substitutions.
Our findings would stimulate further material investiga-
tion in the family of ATCPO and the materials composed
of the Cu-based square cupolas [22–24] for such intrigu-
ing ME behaviors.
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Appendix A: Spin configurations in the small θ
region
Figure 11 shows typical spin configurations in the
phases IV, V, M, T, S, M’, Y’, and Z’ in the small θ re-
gion, obtained by the CMF method. Spin configurations
of other phases (I, II, III, Y, and Z) have been reported
in Ref. [14].
Appendix B: Phase diagram for BaTCPO with
B ‖ [110]
Figure 12 shows the phase diagrams computed with
the parameter set for BaTCPO [Eq. (2)] and B ‖ [110]
by the CMF method for comparison to those for SrTCPO
in Figs. 9(c) and 6(c). The phase diagrams for the other
two field directions were reported in Ref. [14].
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FIG. 11. Spin configurations in the phases (a,b) B = 0 for θ < θc, (c,d) IV, (e,f) V, (g,h) M, (i,j) T, (k,l) S, (m,n) M’ (o,p)
Z’, and (q,r) Y’. (a,c,e,g,i,k,m,o,q) are the three-dimensional views, and (b,d,f,h,j,l,n,p,r) are the top views. The numbering in
(a,b) corresponds to Fig. 1. They are obtained by the CMF method with the magnetic field (c-f) B ‖ [001], (g-l) B ‖ [100],
(m-r) B ‖ [110] and the parameter set for SrTCPO (see caption of Fig. 2) except for the DM angle θ; (a-n) θ = 5◦ and (o-r)
θ = 90◦. The field strength is (a,b) B = 0, (c,d) B = 0.5, (e,f) B = 1.5, (g,h) B = 0.3, (i,j) B = 0.4, (k,l) B = 0.5, (m,n)
B = 0.5 (o,p) B = 0.8, and (q,r) B = 1.5,
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FIG. 12. (a) Ground-state and (b) finite-T phase diagrams
in the magnetic field parallel to [110] (B ‖ [110]), obtained
by the CMF method with the parameter set for BaTCPO
[Eq. (2)]. The DM angle is changed in (a), as in Fig. 9 for
SrTCPO.
